Abstract. An optimization program is used to re-adjust the initial conditions, in order to reproduce as closely as possible the predictions of a complete ephemeris by using simplified equations of motion in the numerical integration. The adjustment of the initial conditions is illustrated in the transition from the DE406 complete long-range ephemeris to a Newtonian model considering only the Sun and the four major planets. It is also used to best reproduce this same DE406 ephemeris, based on post-Newtonian equations for a system of mass points and including the Moon and asteroids, by using a Newtonian calculation corrected by the Schwarzschild effects of the Sun and restricted to the ten major bodies of the solar system.
Introduction
When integrating the equations of motion in classical or relativistic celestial mechanics, one has to know the values of the parameters, in particular the masses and the initial conditions. The masses of the celestial bodies are obtained by combining different methods, including the analysis of the perturbations that they cause to the motion of other bodies, and the fitting of the observed trajectory of a spacecraft in close approach. In the construction of modern ephemerides, the initial conditions are obtained by least-squares fittings to large sets of observational data (Newhall et al. 1983 , Fienga 1999 . It is important to realize that the optimal parameters, that lead to the minimum (least-squares) residual with respect to a set of observational data, depend on the precise model that is used. Thus, in the case that an analytical ephemeris is adjusted to a numerically-integrated one, the initial conditions taken from the numerical ephemeris have to be modified (Lestrade & Bretagnon 1982 , Moisson 2000 . If one aims at testing an alternative theory of gravity, one may expect that even the masses will have to be very slightly modified (Arminjon 2000) . A program for the adjustment of the masses and the initial conditions has been built by the author in the latter context. It has been tested by adjusting a purely Newtonian calculation to the numerically-integrated ephemeris DE403 (Standish et al. 1995) , that is based on general-relativistic equations of motion. The program is based on the Gauss algorithm for iterative minimization of the mean quadratic error, which needs to calculate the partial derivatives of the theoretical predictions with respect to the parameters. Several standard methods may be used to compute these derivatives. In this program, they are calculated by finite differences: this involves making loops on the numerical solution of the equations of motion.
In the present paper, this optimization program is used to re-adjust the initial conditions in the transition from the complete "long" ephemeris DE406 (Standish 1998 ) to simplified models that are more tractable for integrations over very long times. Thus, the input data for the adjustment are taken from the complete ephemeris, and two simplified models of the solar system will be considered: in Section 2, we present the adjustment of a model based on purely Newtonian equations, and limited to the Sun and the four major planets. In Section 3, the initial conditions are re-adjusted for a model that considers the nine major planets and accounts, moreover, for those general-relativistic effects that are caused by the Sun alone. For these two adjustments, the sets of the optimal initial conditions are provided for potential users, and the differences with the predictions of the reference ephemeris are illustrated. Moreover, the effect of extrapolating the calculation outside the fitting interval can be seen, because the fitting intervals for the different planets are all significantly smaller than the 60 centuries of the DE406 ephemeris.
Initial conditions for Newtonian integrations with the four major planets
The initial conditions, at Julian Day 2451600.5 (26 February 2000, 0H00), of a Newtonian calculation considering five mass points: the Sun and the four giant planets, were adjusted. The target time interval for the adjustment was from -1000 to +2000. The input data (41 heliocentric position vectors for each planet, equally distributed in time for a given planet) were taken from the DE406 ephemeris, and spanned a good part of this interval: 1073 years for Jupiter, 2672 for Saturn, and 2913 years for Uranus and Neptune. The initial conditions were initialized at the DE406 values, then adjusted, whereas the GM products were fixed at the DE406 values. The standard deviation, between the input data of DE406 and the corresponding values obtained with the Newtonian calculation restricted to the Sun and the four major planets, was reduced by a factor of 434 by the adjustment program. This ratio demonstrates the necessity of readjusting the initial conditions, as was done. Table 1 shows the values found for the initial conditions after this adjustment. Figure 1 shows the comparison between DE406 and this adjusted Newtonian calculation, over the 60 centuries (-3000 to +3000) covered by DE406. Heliocentric coordinates are being used for the figures and for the tables as well. The reference plane for the tables is the one which was used in the integrations, namely the Earth's J2000 equator. For the figures, the coordinate system has been rotated so that the reference plane is the invariable plane of the solar system (normal to the total angular momentum of the system). It can be seen that, using the adjusted initial conditions, the difference with DE406 remains very small, even over the extrapolated time range of 60 centuries. This is especially true if one remembers that the model used here is very strongly simplified as compared with the complete calculation of DE406. However, one observes a sensible deterioration outside the target interval of the adjustment (which is roughly from 1.36 to 2.45 ×10 6 JD), especially for Neptune. The most favourable behavior in the extrapolation is found for Jupiter, for which the errors in distance and latitude increase merely linearly with time, whereas the longitude shows hardly any long-range drift. It is, of course, not possible to predict how the differences would evolve outside the 60 centuries of DE406.
Initial conditions for calculations with the nine major planets, accounting for relativistic effects in the Schwarzschild field of the Sun
The ephemerides series DExxx, constructed at the Jet Propulsion Laboratory, are based on EinsteinInfeld-Hoffmann-type equations of motion, and thus include general-relativistic effects at the first post-Newtonian approximation in the solar system, the latter being considered as a general system of point masses (Newhall et al. 1983) . If one wishes to account merely for the major general-relativistic effects, one may consider instead the Newtonian N-body problem for point masses, and add, to the Newtonian acceleration of any given planet, that correction which is obtained when considering this planet as a test particle in the Schwarzschild field of the Sun [cf. Brumberg (1991) ], thus writing the heliocentric acceleration of a planet as:
where G is the gravitation constant and c is the velocity of light, M is the mass of the Sun, r ≡ ||x|| ≡ (x.x) 1/2 , n ≡ x/||x||, and u ≡ dx/dt, x being the heliocentric position vector. (Equation (1) applies when Schwarzschild's solution is expressed in standard coordinates.) Lestrade & Bretagnon (1982) proposed an analytical integration of Eq. (1), based on a Taylor expansion of Gauss' perturbation equations for the osculating elements. They presented numerical results for Mercury, and found very small differences with the DE102 ephemeris, after the integration constants of their integration had been adjusted on DE102.
In the present work, a numerical integration of Eq. (1) has been used, based on the Matlab solver ODE113. [For all calculations in this paper, the same numerical tolerances have been used in the ODE113 routine as those found optimal in our first test of this program, i.e. RelTol = 5×10 −13
and AbsTol = 10 −15 . Moreover, using the osculating elements, some analytical perturbations of the Moon on the motion of the EMB (Bretagnon 1980) were taken into account in the program.] We found only a marginal increase in the computation time when passing from the Newtonian heliocentric equations of motion to Eq. (1). The reasons are that: i) the program spends the greatest part of the time in calculating the Newtonian accelerations due to the other planets, and ii) when the "Schwarzschild corrections" are added, the set of the step sizes automatically adopted by the solver in order to reach the given tolerances, does not have a smaller average than has the set of the step sizes adopted with purely Newtonian equations (and with the same tolerances). The latter point means that the Schwarzschild corrections do not "stiffen" the differential system.
However, the integration time is roughly 200 times greater with ten bodies including Mercury, than for five bodies with Jupiter as the quickest planet (the latter case was investigated in Section 2), in addition there are more initial conditions to adjust. For this reason, only "short-range" adjustments may be run easily with common computers. For the present adjustment, 21 positions per planet were taken from the DE406 ephemeris. As for the previous adjustment, the time intervals spanned by these input data increased with the period of the planet: 4000 days for Mercury, and 64000 days (175 years) for the five outermost planets. The adjustment program reduced the standard deviation between the input data of DE406 and the corresponding values obtained with the calculation based on Eq. (1), by a factor of 492. This again demonstrates the necessity of readjusting the initial conditions. Table 2 gives the initial conditions found after this adjustment. Figures 1 a, b, c, d , one observes that, for the giant planets, the present calculation gives gains of accuracy (the latter being measured, e.g., by the norm δR of the radius vector difference) by factors varying from 15 (Jupiter) to 3000 (Neptune) as compared with the simpler calculation of Section 2. The poorest accuracy is found for Mercury (Fig. 2a) . Over one century, the error is very small for Mercury also: 6×10 −8 au for δR and 0.03" for the longitude, but it increases more quickly with time for Mercury. This may be due, at least for one part, to the numerical integration error.
The effect of changing the weights was also considered: by taking weights that are proportional to the inverse of the data uncertainty, one reduces the standard deviations between input data and their recalculated values, by a factor two for Venus and the EMB, by 50% for Mars, and by 25% for Mercury, although the residuals for outer planets are all deteriorated (by factors of ten for Jupiter, and of several hundreds for Uranus, Neptune and Pluto). In order to still improve the agreement with a complete ephemeris, one could also consider other fine points, e.g. whether the same form of metric (isotropic or harmonic, etc.) is being used in the Schwarzschild solution as in the post-Newtonian equations of motion for a system of mass points. But, if the accuracy over long time ranges is aimed at, one should first check the effect of improving the accuracy of the numerical integration (e.g. by passing from double to quadruple precision).
Conclusion
The adequate values of all parameters in the equations of motion depend on the precise form adopted for the latter equations. In particular, it is very important to re-adjust the initial conditions when one passes from a complete form of the equations of motion, as it is used to build reference ephemerides, to a simplified form, which may be more adequate for long-range calculations. Although it may be too time-consuming to optimize the initial conditions so as to get the smallest residual for the whole time-range to be considered, one can get "reasonably extrapolable" initial conditions, by optimizing them for a time interval that contains at least a few periods of even the slowest body considered. Provided one thus re-adjusts the initial conditions, it is possible to reproduce quite accurately the corrections of post-Newtonian general relativity, by adding the Schwarzschild corrections, that account for the post-Newtonian effects of the Sun alone. This does not significantly increase the computer time as compared with the purely Newtonian equations of motion. A very precise comparison between the complete and simplified ways of describing post-Newtonian effects in the solar system could be obtained only if the two models were identical in the other respects, which was not the case here. Including the masses in the solved-for parameters brought only marginal improvements in the models for which it was considered.
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Note for this PS version (file figarmin.ps): The figure numbers and the letters a,b, etc., do not appear, but the successive figures are in the correct order: page 1 = Fig. 1a, page 2 = Fig.1b, etc . Fig. 1 a,b,c,d . Comparison between DE406 and an adjusted Newtonian calculation restricted to the Sun and the four giant planets, over 60 centuries. Plotted are the differences between the heliocentric position vectors, distances, latitudes, and longitudes, in the sense Newtonian calculation minus DE406 ephemeris. [The letters a,b,c,d correspond to Jupiter, Saturn, Uranus and Neptune respectively.] Fig. 2 a, b,c,d,e,f,g,h,i. Comparison between DE406 and an adjusted calculation restricted to the Sun and the nine major planets, and including Schwarzschild corrections of the Sun, over 60 centuries. Plotted are the differences between the heliocentric position vectors, distances, latitudes, and longitudes, in the sense (Newtonian calculation with Schwarzschild corrections) minus (DE406 ephemeris). [The letters a,b,c,d,e,f,g,h,i 
